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The case of a longitudinal motion of harmonic vibrations in a semi- 
infinite rod of Voigt-Kelvin material with non-uniform viscoelastic 
properties is examined. The physical parameters E and X are now a func- 
tion of x. Closed form solutions are obtained for displacement and the 
amplitude by solving a system of two nonlinear ordinary differential 
equations characterizing the motion. 
This note concerns the propagation of harmonic vibrations in a semi- 
infinite rod of a Voigt-Kelvin material whose physical parameters are some 
functions of the position - x of the rod. A discussion of the longitudinal and 
transverse motions of rods of Voigt-Kelvin solid with constant parameters 
may be found in the works of several authors, as for instance in Morrison 131, 
Lee and Morrison [4], Kanter [2], Newman [5], and lately by Favre [7], 
Madan [I 0] and Pan [9]. The stress-strain relation for a Voigt-Kelvin material 
has the form 
c,=E,+Ad’ 
dt * (1) 
Here 0 = stress, E = strain, the coefficients E, h are material constants. In 
engineering problems, in which a beam consists of several components with 
different viscoelastic characteristics or in cases in which it is more appropriate 
to regard the viscoelastic coefficients as some functions of the position of the 
various elements of rod, an account must be made for the non-uniform 
properties of the beam. We assume that the rod exhibits viscoelastic proper- 
ties in accordance with the Voigt-Kelvin model. However, the physical 
constants E and h are now regarded as some functions of the x-coordinate; 
the origin being taken at one end of the rod. 
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GOVERNING EQUATIONS 
The equation for longitudinal vibration is 
(2) 
where u is the longitudinal displacement of the rod cross-section along the 
x-axis, CJ is the tensile force in this cross-section, t is time and p is the linear 
mass density of the rod. 
We assume the strain-displacement relation in the form: 
The tensile force in any rod cross-section varies according to the law (1) i.e. 
in which E = E(x) and A = h(x). As the boundary condition for x = 0, we 
take one of the following 
u = 240 cos wt, u = a, cos wt. (4) 
The variables u and E tend to zero as x + co. 
SOLUTION 
We assume that the strain E in each cross-section varies with time according 
to the harmonic law, 
E = A(x) cos[wt -p(x)] (5) 
where A(x) is the strain amplitude and p( x is its phase for the cross-section ) 
with coordinate x. 
Introducing (1) into Equation (2) 
Differentiate (6) w.r.t. x and use (3) to introduce the strain E as an unknown 
(7) 
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\Ve now substitute (5) into equation (7). Setting the coefficients of the sine 
and cosine terms equal to zero, we obtain two equations for determining the 
unknowns A(x) and p(x) 
#(Ah) -__ - 
dx2 (8) 
and 
d2(EA) ___ 
dx2 --~(~j2+2w~~~d~+w~~~+p~wz=o. (9) 
We now have a system of two nonlinear equations. Not every solution of the 
system (8), (9) constitutes a solution of (7). From the conditions at infinity, 
it follows that the amplitude a must decrease with increasing X, i.e. 
A solution of the system (8), (9) cannot be constructed in the closed form 
even with the limitation (10). However, such a solution can be constructed 
for some particular E and /\‘s. Let 
where m, n are constants, then equations (8) and (9) reduce to 
n dp2+md2P=o 
( 1 dx w dx2 (12) 
and 
dp 2 --m - ( ) 
d2P 
dx 
+wndX2+pAw2=0. 
Equation (12) gives 
P(x) = z log(l + cc& + Cl 
(13) 
where c,, and cr are integration constants. Substituting (14) into (13), we 
obtain the following expression for the amplitude 
A(x) = 
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Hence the strain C(X) is 
‘(X) = 
m(m2 + n2w”) RI co2 exp[i(wt - cl)] 
p&d (1 + ~0~)2+whJ) - 
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(16) 
The displacement U(X) can now be obtained by integrating (16) 
u(x, t) = 
m(m2 + n2w2) RI co exp[i(wt - cl)] 
p?lW 
i 
(17) 
1+ g j (1 + CoX)l+w/nw) * 
The constants c,, and ci may be found using the boundary conditions in (4) 
pu,nd 
and m co = 
m(m2 + n241/2 
Ci = - arctan - . 
( 1 nw (18) 
Introducing these values in the expression for displacement, we find 
u(x, t) = * cos /wt - 2 log(1 + c&g * 
0 t 
(19) 
Hence the condition that the amplitude of vibration must decrease with 
increasing x is satisfied automatically. The amplitude of vibration A(x) 
diminishes according to the law 
A(x) = mu, 
[ 
1 + 
puonw3 
(m2 + n2w2)l12 
x -l 1 * 
It follows that 
44 -=c 
m(m2 + n2w2)lj2 
pnxw3 
which is independent of the vibrator oscillation amplitude u,; in other words 
the vibrational amplitude at any point x can not be raised above a certain 
limit by increasing the amplitude of the vibrator at x = 0. 
NOTE. It is to be noted that the forms assumed by E and h in (11) are 
justified for beams possessing non-uniform properties conforming to the 
nonlinear viscoelastic materials of the type: 
(20) 
An approximate solution to our problem utilizing relation (20) may be 
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obtained by the harmonic linearization method ([6] and [S]). IVe approximate 
the nonlinear function u by the linear function 
The coefficients E and h are independent of time t and are chosen from the 
requirement that the amplitude and the phase of harmonic frequency in (21) 
corresponds to the motion described by (5). Such a selection is in agreement 
with the assumptions made in (11). Solutions for a Voigt-Kelvin rod in 
which case E, X are constants and for some other materials in which these 
constants assume some special values may also be deduced from the solution 
of system (8)-(9). 
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